Abstract: We derive a semiclassical trace formula for quantized chaotic transformations of the torus coupled to a two-spinor precessing in a magnetic eld. The trace formula is applied to semiclassical correlation densities of the quantum map, which, according to the conjecture of Bohigas, Giannoni and Schmit, are expected to converge to those of the circular symplectic ensemble (CSE) of random matrices. In particular, we show that the diagonal approximation of the spectral form factor for small arguments agrees with the CSE prediction. The results are con rmed by numerical investigations.
Introduction
Bohigas, Giannoni and Schmit 1] have conjectured that the energy levels of quantized chaotic Hamiltonian systems are distributed like eigenvalues of random matrices. The choice of the correct matrix ensemble depends on the behaviour of the classical dynamics under time-reversal: the unitary ensemble (CUE) for systems without time-reversal invariance, the orthogonal or symplectic ensemble for systems with time-reversal invariance with integer or half-integer spin, respectively. Although there is much numerical evidence to support the conjecture for systems following CUE and COE statistics, relatively few studies are concerned with systems with half-integer spin 2, 3, 4, 5] .
We shall here propose a simple model { a quantized map of the torus coupled to a spin precessing in a magnetic eld { which is easily accessible both from the numerical and the analytical point of view: Suppose our particle's initial position is q 0 with momentum p 0 . With (p 0 ; q 0 ) xed, we allow the spin to precess for one time unit in the magnetic eld B(q 0 ); we then apply the Anosov map : T keeping the spin xed; thereafter the spin is allowed to precess again for one time unit in B(q 1 ), and so on.
The idea here is that, due to the chaotic dynamics of , the values of the magnetic eld at the iterated positions q 0 ; q 1 ; q 2 ; : : : are essentially uncorrelated and the spin precession therefore behaves like a random walk in SU (2) . The ergodic properties of such constructions, so-called skew products, are well understood 6, 7, 8, 9] .
The quantization of our model in terms of unitary 2N 2N matrices U is straightforward (section 2). In section 3 we discuss in detail those anti-unitary operators T which correspond to time-reversal symmetries in that T ?1 UT = U ?1 . If T is the only such symmetry present, and if in addition T 2 = ?1 2N , one expects the spacing distribution for the eigenvalues of U to converge in the semiclassical limit N ! 1 to that of the symplectic ensemble CSE.
Indeed, for generic Anosov maps we numerically observe a transition from COE to CSE statistics when the magnetic eld is switched on (section 4). It is, however, remarkable that even unperturbed cat maps, whose spectrum is highly degenerate 10, 11] , exhibit CSE statistics for non-zero magnetic elds.
The remainder of our paper is devoted to the semiclassical analysis of spectral correlation densities. In section 5 we derive a semiclassical trace formula which expresses sums over eigenvalues of U in terms of sums over xed points of the classical Anosov map . We observe that the xed points remain unchanged when switching on the magnetic eld but that additional weight factors, taking care of the spin contribution, appear. In the case of ows an analogous observation has been made in 12, 13] . In section 6 the trace formula is employed to investigate two-point correlations of the eigenvalues of U, with focus on the behaviour of the spectral form factor for small arguments. In particular, we show that the diagonal approximation 14, 15] reproduces the random matrix prediction if the magnetic eld is su ciently generic. We essentially follow the line of arguments in 16], where the form factor for continuous-time dynamics is discussed. However, the assumption in 16] that the skew product dynamics must be mixing is replaced by a simpler condition. In the nal section 7 we discuss the interesting fact that the diagonal approximation also works if the spin precession does not become equidistributed in SU(2), but only takes a nite number of distinct values in SU(2). We are interested in modeling free spin precession interrupted only by periodic deltashaped kicks at integer times t = n 2 Z. Such a system is represented by the time In addition we have to make sure that there is no further anti-unitary symmetry, in particular the system must neither be invariant under K nor underK. If B y (q) vanishes identically thenB(q) = B(q) and by (3.7a) the spin part is also invariant under K, which should be avoided. The last argument is of course independent of the choice of the coordinate system, and hence we require that there is no vector r 6 = 0 such that r B(q) = 0 for all q, i.e. the magnetic eld B(q) must have linearly independent components.
To summarize, in order to observe CSE spectral distributions we shall require that~ is a symmetry of the classical map , that the magnetic eld B(q) is odd and that its components are independent functions.
Spectral statistics
After having clari ed under which conditions we expect to see CSE statistics we will now test our arguments in a numerical experiment for the quantized cat map A and its perturbation . A simple choice of the shear in (2.8) The only symmetries of the cat map (2.5) are time-reversal (3.1), inversion (3.2), and non-conventional time-reversal~ (3.3). The choice of the perturbation (4.1), with f being odd, conserves all symmetries ,~ and . Now, in order to observe CSE statistics, the spin precession must be caused by a magnetic eld which is odd and periodic in q and whose components are independent functions (cf. section 3). These constraints guarantee that the only anti-unitary symmetry of the quantum system isT (3.8). For our numerical calculation we chose the magnetic eld
which clearly satis es these requirements. We now combine U N (A) and U N ( ) with the spin precession propagator U s as in (2.4) to obtain the quantum maps U(A) = U s U t (A)U s and U( ) = U s U t ( )U s ; (4.4) where
The matrix elements of U(A) and U( ) are easily worked out using (2.6) { (2.12). As a consequence in this case the statistics of the spectra of U(A) and U( ) would follow those of the CUE ensemble, cf. 19]. Thus, we shall require that N 6 0 mod 4.
Studying the spectral statistics of quantum maps means looking at the distributions of the eigenangles f 1 ; : : : ; 2N g. In order to compare energy uctuations in di erent systems, the spectra must be unfolded, that is the energy levels are rescaled so that the mean level spacing is one. (The spacing s is de ned as the distance between two consecutive levels.) Moreover, in order to observe universal distributions the spectra must be desymmetrized, that is only energy levels with the same quantum numbers corresponding to all mutually commuting unitary symmetries must be considered. Therefore, when analyzing the spectra of U N (A) and U( ) in the absence of spin dynamics, we have to take into account only eigenphases which correspond to the same eingenvalue P = 1 of . For systems with halfinteger spin and time-reversal invariance an additional proviso must be taken into account: each energy level has at least multiplicity two ( are plotted for the quantum maps (2.6) and (2.9). Fig. 2 shows the spectral statistics of U(A) and U( ) de ned in (4.4) with the magnetic eld given by (4.3). Clearly, in both cases the spectral distributions nicely follow CSE statistics, as predicted. It is remarkable that the non-generic behaviour of the quantum cat map without spin ( gs. 1(a) and 1(b)) has disappeared, even though the spin coupling (a) Spacing distribution of the quantum cat map (2.6) with P = +1. is of sub-principal order in~and therefore does not a ect the highly degenerate classical dynamics. The semiclassical arguments in the following sections will explain the CSE statistics for generic maps , but in the case of the unperturbed cat map A the situation is more subtle. We will brie y return to this point in section 7 when discussing piecewise constant magnetic elds.
Semiclassical trace formula
The purpose of this section is to derive a trace formula for the quantum maps (4.4 In what follows can be any Anosov map on T 2 . The magnetic eld B will be left generic too, except that, for simplicity, it should be a function of q only. Our goal is to determine Tr U n ( )] as a sum over periodic orbits. For this purpose it is more convenient to consider the operatorŨ ( ) = U t ( )U In order to simplify the notation, it is convenient to set g k (z) = g k?1 (z); k = 0; : : : ; n; (5.10) with the convention that g 0 (z) = 1 2 , and g 1 (z) = g(z) = exp (i B(q)). Now eq. (5.8)
Op N (g k ); N ! 1:
In the case when = A is an unperturbed cat map, Egorov's theorem is an identity, not merely an asymptotic relation, and hence eq. The leading order term in the semiclassical limit N ! 1 of the above can be shown to be 
Semiclassical analysis of two-point correlations
We will now apply the trace formula derived in the previous section to the study of spectral two-point correlations, essentially following the line of arguments of 16], giving a new argument concerning equidistribution in SU(2).
Since U is invariant underT withT 2 = ?1 2N , cf. section 3, it is easily seen that the eigenvalues must have at least multiplicity two (Kramers' degeneracy). Let us denote by 1 ; : : : ; 2N 2 0; 2 ) the eigenphases of U with eigenfunctions j , i.e. U j = e i j j ; (6.1) labelled such that k = k+N , for k = 1; : : : ; N. We will then only need to consider correlations between the rst N distinct eigenphases 1 ; : : : ; N .
In order to measure correlations on the scale of the mean level spacing, we rescale the spectrum by putting x k = N 2 k ; k = 1; : : : ; N: (6. 2)
The two-point correlation density of this sequence is de ned as This statement implies that also the pair correlation density R 2 (s; N) converges (on average) to the corresponding CSE density. It seems to be extremely di cult to prove rel. (6.5) with present techniques. Here, we will aim at understanding the asymptotics of the form factor for small values of , as N ! 1, in the regime governed by the diagonal approximation 14, 15] . For the diagonal approximation to hold, we will assume in the following that there are no systematic degeneracies in the classical actions of the map under consideration. This is true for generic perturbed cat maps , but not for the original cat maps A, where actions are in fact highly degenerate 25, 23] .
By virtue of our trace formula (5.19) we have, for = n N 6 = 0, N ! 1, (recall tr d n (z 0 f ) = tr d n (z 0 f ) for d n 2 SU (2)), where the sum extends over all xed points of order n. Since for S n (z f ) 6 = S n (z 0 f ), cf. (5.18), the exponential in (6.7) shows rapid oscillations as N ! 1, we assume that in the combined limit ! 0 ; N ! 1 ; n = N ! 1 (6.8) the double sum in (6.7) is dominated by the diagonal terms 14, 15], i.e. by the terms with S n (z f ) = S n (z 0 f ). We know that S n (z f ) = S n (z 0 f ); R (n) z (6.10) Thus, we nd n # degenerate actions for every orbit of period n, n # denoting the primitive period, i.e. n = kn # , k 2 N. Furthermore, since our system is invariant under (nonconventional) time-reversalT, we have
Neglecting self-retracing orbits in the limit n ! 1 this results in an additional factor of 2 in the diagonal approximation. Note that if the classical map has a further symmetry, e.g. inversion (3.2), we also have S n ( (z f )) = S n (z f ). However, since in general tr d n (z f ) and tr d n ( (z f )) become uncorrelated for large n, we will neglect cross correlations of these terms. We therefore conclude that in the combined limit (6.8) the form factor can be approximated by
z f : (6.12) It is well known 28] that the number of xed points of Anosov maps grows, on average, like e hn for n large, where h denotes the topological entropy. What is more, the xed points become equidistributed in phase space T 2 14, 28] , in the sense that for any smooth test function a(z), we have for n large where the average h: : : i n is some linear mean over an interval about n whose size grows to 1 as n ! 1. Let us ignore the fact that d n (z) depends on n, since, as we shall justify below, it in fact converges on average to a constant independent of n. Hence by virtue of (6.13)
n dz: (6.14)
In the semiclassical limit the quantum dynamics reduces to the skew product dynamical system 16] Y : T 2 SU(2) ! T 2 SU(2) (z; g) 7 ! ( (z); g 1 (z) g) (6.15) with g 1 (z) = exp (i B(q)). The nth iterate is then given by Y n (z; g) = ( n (z); d n (z) g):
The right-hand-side of (6.14) can be viewed as a sequence of probability measures
if we put F(z; g) = (tr g) 2 . For F bounded on T 2 SU(2), this sequence is contained in a compact space of probability measures, hence we nd a convergent subsequence n j with some limit measure , i.e. ? z; g g 1 ( ?r (z)) : (6.24) So if, for almost all z 2 T 2 , we nd a set V of integers such that the group generated by fg 1 ( ? (z))g 2V is dense in SU (2), then the action of that group is uniquely ergodic on SU(2) (see 29] for more details and references on equidistribution on SU (2)), and we have that d = dz dg, where dg denotes Haar measure. Clearly it is always possible to satisfy the above condition for any generic choice of g 1 , i.e. for any generic magnetic eld B(q), cf. section 3.
Since the limit of every converging subsequence is unique, in fact every subsequence converges to . That is Therefore, for generic magnetic elds B(q), the asymptotics of the form factor at small is in the diagonal approximation given by K 2 ( ; N) 1 2 ; (6.27) which is identical to the small asymptotics of the CSE form factor (6.6).
Piecewise constant magnetic elds
As we have seen in the previous section, the diagonal approximation works when the spin precession becomes equidistributed in SU(2). It is quite remarkable that this is not a necessary condition. Suppose for instance that the magnetic eld is piecewise constant, such that g 1 ( 1 (z)), g 1 ( 2 (z)), : : : only takes values in a discrete set in SU (2) . In this case the equidistribution theorem (6.25) holds with SU (2) (tr g) 2 : (7.2) If the representation of ? in SU (2) The symmetry constraint B(1 ? q) = ?B(q) determines the magnetic eld in the interval 1=2 < q < 1. We also require periodicity, i.e. B(q + m) = B(q), m 2 Z. This particular choice leads to the discrete group of Hamilton's quaternions, ? = f 1 2 ; i x ; i y ; i z g: (7.6) The quantum maps U(A) and U( ) de ned in (4.4) can also be easily diagonalized with the magnetic eld given by (7.5) . The statistics are clearly CSE as shown in g. 3. This outcome could be expected for generic Anosov maps, since the diagonal approximation for the form factor agrees, at small argument, with the random matrix prediction.
In the case of the unperturbed cat map, however, we cannot proceed as in section 6 due to the exponentially large number of xed points sharing the same classical action 24, 25] . Remarkably, we still observe CSE statistics ( g. A Quantum mechanics on the torus
We brie y review quantum mechanics of systems whose classical phase space is the torus T 2 . For more details see 17, 34, 35] . Because of the topology of the torus, quantum states are taken to be periodic in both position and momentum representation, i.e. If f and g depend only on either p or q, the above relation is an identity for each N. 
B Trace formula for matrix elements
The following trace formula for matrix elements of quantum observables is a well known generalization of Gutzwiller's trace formula 37, 38, 39] . We will here present its derivation in the case of general Anosov maps on the torus T 2 , which is particularly clean and simple. The formula is needed in section 5. The above expression is the same as the formula that we would have obtained in determining the trace of the n-th propagator of an Anosov map with D n (q 1 ; q 2 ) replaced by D n (q 1 ; q 2 ) exp(2 i z). Following the same steps which lead to the trace formula of
